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SUMMARY 
This thesis is a study of the initial geometry and lateral 
stiffness of circular cylindrical Shells. A nondestructive test 
program for the determination of stability loads of cylindrical Shells 
is pursued through tvo approaches. 
A detailed study of the initial geometries of large and small 
scale specimens is presented. The initial stiffness configuration of 
the small Shell is investigated, this specimen having "been selected 
for detailed study. An evaluation is made of the effect of geometric 
irregularity upon the initial stiffness. 
The behavior of the specimen lateral stiffness under compressive 
loading is investigated, and it is demonstrated that buckling loads can 
"be predicted for monocoque Shells by this method. A new technique 
is introduced, employing a Southwell analysis of the lateral load -
deflection data, which concurs vith the previous method. This new 





The cylindrical Shell under axial compression, more than any 
other structure, has shown large discrepancy from theoretical prediction. 
Nondestructive skin wrinkling vas tolerable in the early years of slow 
speed flight but with the advent of vehicle velocities substantially 
exceeding Sonic speeds, this behavior could no longer he tolerated. 
Increased wall thickness was, of course, one Solution but increased 
weight is the penality. The elusive goal, which has "been sought since 
those early days, is an efficient combination of high strength, minimum 
weight, and accurately predictable stability limits. 
The classical formulas for the stress distribution in a uniformly 
compressed circular cylinder were calculated as early as 1908 by 
Rudolf Lorenz and in 1910 hy S. Timoshenko (l). Serious doubts arose 
as to the validity of the theory when later experimental results 
revealed buckling loads which were consistently a fraction of the 
predicted values. Slight discrepancies in construction of seemingly 
identical specimens were apparently capable of producing large 
variations in their buckling loads. 
R. V. Southwell (2) is generally credited with producing the 
first experimental technique capable of accurately and nondestructively 
predicting the critical load of a column. Later work has shown the 
"Southwell plot" method applicable to the flat plate, the cylindrical 
Shell, and other stability problems (3). In practice, the method 
yields accurate critical load predictions for many stability problems. 
The procedure has not, however, been satisfactorily applied in a 
direct manner to the stability problem of an unstiffened, Isotropie 
cylindrical Shell under axial compressive load. Several investigators 
have used elaborate harmonic analysis schemes to "filter" data from 
large portions of the Shell and have interpreted the results by the 
Southvell plot procedure (kf5f6). It has not, however, been possible 
to apply the procedure directly on a pointwise basis to the shell 
problem. 
Structural stiffness has long been recognized as a possible 
criterion for stability prediction (7,8). Most investigations have, 
however, ignored the potential of this approach and have been concerned 
instead with a direct correlation of collapse load vith prediction or 
more recently with the aforementioned Southwell plot procedure, leaving 
the stiffness behavior largely unexplored. 
This thesis is an effort to study in an experimental manner 
the Variation in lateral stiffness of the wall of circular cylindrical 
Shells, and the behavior of this stiffness with increasing levels of 
axial compression. The initial lateral stiffness of the wall of a 
virgin monocoque cylindrical shell has been mapped and correlation with 
the initial geometry attempted. A technique outlined by Bank (9) is 
applied to extrapolate critical axial load from the behavior of lateral 
stiffness under less than critical compressive loads. This method is 
extended and a potentially powerful new procedure to estimate critical 
loads is presented. 
3 
The stiffness determinations used in this "work are static in 
nature, employing load-deflection data due to small test forces 
applied normal to the Shell wall at the point of interest. It is 
acknowledged that a dynamic approach should yield similar results, 
but it must also be recognized that applicatlon of dynamic tests can 
involve substantial increases in complexity over the static test. 
No attempt to use dynamic procedures has been made in this work. 
k 
CEAPTER II 
INITIAL SPECIMEN GEOMETRY ANALYSIS 
The results of early stability tests upon circular cylindrical 
Shells raised questions as to the validity of the theory which was 
generally accepted. It was realized that other factors, too detailed 
in nature to he easily treated in theory_, raust then influence the 
behavior of the Shell. These factors, usually termed imperfections, 
were thrown to the experimentalist to identify. The conclusion of 
many investigators is that geometric imperfections - deviations from 
an ideal shape - are a prime factor contributing to the discrepancy 
between experimental and theoretical results. It is this aspect 
which is now to be investigated. 
In order to determine the undeformed shape of large and small 
scale thin walled circular cylindrical Shells, a technique was devised 
to measure the specimen circularity at various positions along the 
Shell axis. However, the initial inability to position the mounting 
(rotation) axis coaxially with the specimen axis unavoidably introduced 
an artificial eccentricity error into the data. To determine the 
true shape of the specimen it was necessary to identify - and remove -
this undesired component of the data. 
The initial geometry of two distinct Shell size classes was 
studied, and a comparison of the results was later made to decide 
the course of the experimental program. The large specimen was the 
5 
f irst to be studied. 
Large Scale Specimens 
It was decided to investigate the initial geometry of a class 
of large (nine foot length, six foot diameter) circular cylinders 
manufactured for axial compressive stability studies to "be performed 
at the Georgia Institute of Technology Aerospace Department. With 
this Information, correlation of data from numerous smaller specimen 
tests could "be attempted with initial geometry as a common criterion. 
Data Recording 
The specimen was mounted in a configuration which allowed 
axial rotation only, so that radial displacements might be measured. 
Since the true center of the Shell was unknown at the ends, the 
mounting points of the rotation frame did not coincide exactly with the 
axis of the specimen. This resulted in an unknown mounting eccentricity; 
e, being added vectorially to all measurements. 
A Single linear variable differential transforraer (LVDT) was 
used as the transducer for all displacement measurements in the test. 
To establish a known measurement reference, a ten foot precision 
straight edge was positioned outside the shell and parallel to the 
mounting axis. The LVDT was then attached to the straight edge in 
such a manner that it could be positioned along the specimen axis as 
desired. 
Angular Position Measurements. The schematic diagram, Figure 1, 
depicts the shell scan and data recording arrangement. The Hewlett-
Packard 2115A digital Computer was the principle coordinating device 
Mounting 
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Figure l. Data Recording System Schematic Diagram 
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of the data scan Operation. As the specimen was rotated, the angular 
Position transducer supplied pulses every one degree starting at an 
established zero degree reference position. These pulses were trans-
forraed to a digital equivalent by the analog-to-digiral converter (ADC). 
The Computer interrogated the ADC and encoded the digital Voltmeter 
(DVM) on ever second ADC pulse (two degree intervals). The DVM 
Output representing displacement transducer readings was processed 
in the Computer and stored in memory. At the completion of a 3̂ 0 
degree scan the data could be written as a record on digital magnetic 
tape if all Systems performed properly or disregarded and a new scan 
initiated. Circularity measurements of the specimen at as many axial 
stations as desired could be performed on the Shell to generate the 
necessary data. 
Data Reduction 
The desired result of the measurement program is the deviation 
of the real Shell from a perfect cylinder of the same average radius. 
The process of describing the real shell and determining this 
deviation, or imperfection, can be classified into three main groups: 
1. Mounting eccentricity Identification. 
2. Identification of the true center location at each axial 
Station. 
3« Location of the perfect shell axis. 
Mounting Eccentricity (l). The radial measurement data for each 
axial Station was represented by a Fourier series over an interval 
equal to the circumference. There are several justifications for 
describing the data in this manner. If the measurements of a 3̂ 0 
degree scan are plotted in cartesian coordinates, the radial values 
vary sinusoldally about a mean value. A mounting induced eccentricity 
can be shown to alter the data only in the first harmonic sine and 
cosine terms. Figure 2 shows the geometry associated with the Shell 
measuring System where R is the measured radius from the mounting 
axis to the shell skin, R is the radius to the true center of the 
Shell at the particular axial Station, and e the added mounting 
eccentricityc 
The law of cosines is applied to solve for R_ in terms of R; 
0 
e and 0 . 
2 2 2 
R = Rö + e - 2RQe cos(n-e) 
solving for R, 
Rn = e cos(TT-e) ±/_2 2 . 2, . 0 v ' JR -e sin (n-0) 
2 2 
and for R » e 
Ra = R - e cos (TT-0) 
As 0 varies from zero to 2TT_, the average value of the term 
e cos (TI-0) 
is zero. Thus 
[Rj = [R-e COS(TT-0)] = [R] - [e COS(TT-0)] = R 
0 avg /Javg avg avg avg 
for the Shell. 
The significance of this relationship is realized if a perfectly 
circular cylindrical Shell were eccentrically mounted and scanned in 
the manner previously described. The data values would obviously 
vary sinusoidally about a mean value with a Single maximum and 
minimum point on the interval defined by the circumference. The 
Fourier representation of this data would appear as follows: 
o A 2rri ^ . 2ni 
R
0
 = - + Ai eos ISO + Bi sin IBö 
i = 1 to 180 
This expression could be written as 
A 
R_ = -§• + e cos (rr-e + cp) 
0 C-
where 
2 ,2 ? e = A 1 + B l 
and 
A i 
cp = Are tan —— 
Bl 
The result shows that the mounting eccentricity affects the measure-
ments with the addition of first harmonic trigonometric terms. Since 
all irregularities inherent to the specimen must influence the higher 
harmonic terms of the infinite series (a real Shell would require an 
infinite series representation), the mounting eccentricity is immedi-
ately identified. 
Included with the coefficients of a funetion represented "by a 
Fourier series is a zero frequency terrn representing the average 
value of that funetion over the interval. For the Shell this terra 
is the mean radius at that Station and is independent of mounting 
eccentricity. 
Ti-ue Centers (2). The eccentricity has heen identified as the 
sum of the first sine and cosine terms of the series representation. 
If i denotes angular position of a transducer reading and n the 
axial Station of the complete scan containing the i reading, theu 
F(e ) - the component of the mounting eccentricity present in the data 
can he written in the following form. 
1.1 
T-i / \ A 2ni . 2TTI F(e ) = A cos ^ + B a m ^ 
n n 
for i = 1 to 180 
Since the maximurn value of F(e ) occurs at TT/2 - cp radians, then 
th 
this angle is the direction of the eccentricity frora the n mounting 
axis center. At this angular Position the true center is on a radial 
line, and a distance e _, from the rotation (mounting axis) center. 
For the present problem a cartesian representation of the coordinates 
of the true center is best suited for later analysis. Thus, the true 
th 
center for the n axial Station can be represented in carestian form 
as follows. 
TT 
"n n \2 m' 
TT 
•n "" ^ n "•"" \ 2 
Y = e sin i — - cp I 
The coordinate System is shown in Figure 3« 
Perfect Shell Axis (3)» The true centers calculated for each 
axial Station need not be coincident. This is obviously the case if 
the Shell vere slightly bowed or corkscrewed along its axis. The 






Figure 2. Specimen Measurement System Geometry 
Figure 3» Eccentricity Analysis Coordinate System 
approximates the data. The radius of this imaginary Shell would he 
the average radius of the real specimen, "but the location of its 
axis must he determined. If a linear least Squares fit is performed 
upon the previously calculated true centers, then a shell with this line 
as its axis and the average radius previously calculated is, by 
definition, that perfect cylinder which best approximates the real 
Shell. The calculation process is as follovs. 
Each Station true center can be projected into the orthogonal 
coordinate planes. A first order least Square fit is then performed 
separately on the points in these two planes. This results in two 
linear equations, each functions of axial position. Thus the position 
of the perfect shell center - for any axial Station - is the Square 
root of the sum of the Squares of the functional values for the two 
equations in the orthogonal planes. 
The deviation of the true centers from the perfect shell axis 
gives rise to what might best be described as the true or inherent 
eccentricity - the Variation of the true center from the perfect 
shell axis at an axial Station. This eccentricity is the result of 
geometric irregularity of the specimen and is characteristic of the 
amount of imperfection inherent in the real shell. 
Computer programs to perform the processes discussed are located 
in the appendix. 
Analysis of Results 
The results of the data scan and reduction processes can best be 
represented in graphical form, as depicted in Figure 4. This figure is 
a partial representation of the shell, each trace representing a 3̂ 0 
Angular Position (degrees) 
30 60 90 120 150 180 210 2^0 270 300 
1 1 1 1 1 1 1 1 1 r 
330 360 
—1 
Figure k. Large S h e l l I n i t i a l Georaetiy H 
-p-
degree scan at equally spaced intervals along the axis. Successive 
traces are shifted vertically in direct proportion to their axial 
Position in an attempt to add some "perspective" to the representation. 
A measure of radial deviation is indicated by the 0.10 inch var. 
These plots were generated from the Shell geometry data previously 
stored on magnetic tape» Data was processed by the 2115A Computer 
and subsequently plotted under direct Computer control on a Hewlett-
Packard 7004A X-Y recordere 
The speeimen was construeted of six curved panels joined 
lengthwise by lap seams and held circular by rigid end-rings. This 
construetion is evident on the plots, with six peaks indicating the 
seam locations and the panel interiors as apparent Valleys. These 
regions of apparent negative curvature are actually areas of relative 
flattness with respect to the average radius and may represent 
significant geometric iirrperfection. The lap type seam is very effective 
in maintaining a straight generator in that vicinity of the Shell. 
The interior panel regions, especially near the Shell mid-axis region, 
tend to have shorter radii and give rise to a "reverse barrel" shape. 
This is the anticlastic curvature found in many curved struetures 
formed from originally flat materials. 
Small Scale Specimens 
The unique advantages of scale model test programs have long been 
recognized by engineers as a desirable alternate for often difficult, 
complex and expensive füll scale testing. The wind tunnel aerodynamic 
test model and the photoelastic structural test model are perhaps the 
best exaraples of this technique. The efficiency of this approach has 
not been lost in Shell stability tests. Moderate sized acrylic plastic 
stiffened Shells have recently been studied with notable success at 
Georgia Tech (6). 
The most troublesome feature of small scale Shell stability 
testing is, however, the generally unresolved question as to how well 
the model represents the füll scale vehicle from the point of view of 
initial imperfections - both geometric and material. The present work 
is directly concerned with assessing the degree of imperfection 
present and its effect on the stability limit. To develop a basis 
for comparison with the füll scale vehicle a small plexiglass 
monocoque cylinder was fabricated (Figure 5)» This specimen was sub-
jected to a scanning procedure similar to that outlined for the large 
Shell and a quantitative measure of the initial geometry determined. 
Scanning Procedure 
The displacement scanning technique outlined previously for the 
füll scale vehicle can be directly applied to the small scale study. 
The appreciable reduction in specimen size simplified the mechanics 
and permitted the cylnuder to be mounted in a more convenient vertical 
configuration. The specimen was mounted coaxially on a rotating table 
as shown in Figure 5 and supported by a precision bearing. A mounting 
rail fixed vertical and parallel to the table axis was provided for 
the displacement scanning transducer. As in the previous arrangement 
the specimen was rotated past a fixed transducer with angular position 
sensed photoelectrically. 
The result of this Operation is a set of displacements represent-
ing the radial distance of the Shell wall from the axis of rotation. 
End Rings 
Support Table 
Figure 5« Monocoque C y l i n d r i c a l S h e l l Cross -Sec t ion and Ro ta t ing 
Table Aseembly for Small Specimen Scan. 
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Eccentricity due to the mounting arrangeraent can "be removed from the 
measurements leaving the distortion and eccentricity inherent to the 
Shell. These imperfections are represented as "before wlth reference 
to an ideal or "perfect" cylinder which in a least square sense "hest 
fits" the real Shell. 
The initial shape of the small scale specimen is displayed 
graphically in Figure 6. The presentation is similar to that for the 
large Shell (Figure h). The seam area can he immediately identified 
as the region of large radius and relatively severe distortion. Its 
Single occurrence in this one panel type construction leaves an 
apparently greater area of the Shell unaffected hy its presence than 
is the case with the six panel construction employed in the füll sized 
Shell. A closer examination of this data and analysis of its impli-
cations will he reported in Chapter III. 
Comparison of Füll and Small Scale Specimens 
The investigation of the initial geometry for the füll and 
small scale Shells must he placed in proper perspective. A comparison 
of quality can he made on the hasis of the Standard deviations 
computed from the refined radial raeasurement data. Detailed results 
of this investigation are presented in Table 1. It can be observed 
that the presence of a Single seam in the small scale specimen is more 
detremental to the results than is the presence of multiple seams in 
the larger Shell. A more representative measure of Standard deviation 
can be obtained for the small scale specimen hy ignoring the data in 
the immediate vicinity of the seam. This yields results which compare 
Angular Position (degrees) 
0 30 60 90 120 150 180 210 2^0 270 300 330 36O 
P— , , , , , ( _, f - , , , j 
Figure 6. Small Shell initial Geometry. 
H 
Table 1. Normalized Standard Deviations of Radial 
Measurements for Large and Small Specimens 
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favorably to the large Shell in a quality sense. 
A second comparison of specimen quality can he made on the hasis 
of spectral analysis. Initial distortions can he represented hy one or 
two dimensional Fourier series and the series coefficients taken as a 
spectral estimate. For the present application, the radial distortion 
along a circumferential generator were represented by a Fourier series 
over the angular interval zero to 2TT. The spectra so generated for 
each Shell are shown in Figure 7» Wavelengths predominant in each 
specimen can thus be easily identified and their effects analyzed. The 
second harmonic "would be expected to predominate in the small shell and 
a study of the spectrum confirms this. Similarly, the sixth coefficient 
is manifested in the spectrum for the large specimen. In both cases the 
seam influence is the cause. The effects of this, on the other hand; 
might be considerably different. Analysis and experiment (10) indicate 
that a circular cylinder would be expected to buckle with wavelengths 
of from l/k to l/9 of the circumference. Clearly, the small scale 
Shell is not obviously influenced in this spectral region, but the 
large specimen might be greatly affected by its predominant sixth mode. 
The final criterion for comparison of the specimens is purely 
qualitative. Pointwise determination of lateral wall stiffness is a 
major aim of this study and the effect of the Shell seams can become 
a significant element of such raeasurements. A seam area would be 
expected to separate influences which might otherwise be pronounced. 
The seam stiffness discontinuity would attenuate the cross coupling 
of regions on opposite sides of the seam. 
Harmonies 
Small Shell 
3 ^ 5 6 7 
Harmonie s 
large Shell 
Figure 7. Spectral Analysis of Large and Small Specimens 
Wlth this comparison toetween the füll and small Scale vehicles, 
it hecomes evident that for purposes of a preliminary study of 
structural stiffness and its relation to stahility limits the small 
scale Shells are to he preferred. The construction procedure for these 
modeis yields specimens vith fever stiffness anomalies. Furthermore 
the overall geometric quality, as far as has been determined, appears 
almost equal. For these reasons the stiffness anajysis program 
reported in the folloving chapters has heen restricted to the small 
s c ale spe c ime ns . 
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CHÄPTER III 
AMAJZSIS QF CONSTITUTIVE FORM 
In the study of structural stability the stress and deformation 
are generally the points of major interesto The goal of an analytical 
treatment is to determine a critical value of applied stress above 
which the structure no longer remains capable of usefully supporting 
load. From an experimental point of view the goal is to identify the 
precise mechanisms responsible for the behavior. Major effort in 
experimental vork has been to identify characteristic patterns of load 
behavior (stress reversal for instance) or predictable patterns of 
distortion. In connection with the latter point it has, in recent 
times_, become populär to employ the "Southwell Plot" procedure to 
extrapolate from deflection data the critical value of loading. This 
procedure has proven quite powerful for a broad variety of problems 
for which the distortion behaves hyperbolically with loading. The 
most serious drawbacks to this procedure have been twofold: 
1. For some cases the distortion must be measured only at 
certain points (usually unknown in practice). 
2. Useable data is sometimes obtained only at relatively high 
levels of destabilizing load (especially if the level of imperfection 
is low). 
It is largely for these reasons that direct application of the pro-
cedure to stability problems involving cylindrical Shells under axial 
load has been notably unsuccessful. 
Structural Stiffness 
Deflection and stress measurements by themselves are not the 
only means by which to interpret experimental tests. Stiffness of the 
structure affords an attractive alternative measure and, in fact, 
incorporates both the stress and deformation in its definition. 
Structural stiffness is, of course, a familiär engineering 
concept. Its precise meaning may vary from one application to another 
however. In a strict sense stiffness is an attribute only of a linear 
material or structure. When a force is applied to a linearly elastic 
material, a proportional deflection is produced. The stiffness is 
defined directly as the measure of proportionality - force per unit 
deflection - while the flexibility is defined as the stiffness 
reciprocal. Stiffness (or flexibility) influence coefficients are 
then defined as the proportionality factors between a force acting at 
one material point and a deflection at another. 
Nonlinear Stiffness 
Deflection due to loading is not always linear over the complete 
ränge of interest for many linearly elastic structural problems. The 
column lateral deflection becomes noticeably hyperbolic under the 
influence of lateral loading. If one attempts to speak of lateral 
stiffness for this problem, the domain of deflection must be specified. 
Since stiffness is a linear concept, then a unique value of the quantity 
cannot be determined which is applicable to the entire ränge of force 
and corresponding deflections. A possible alternative is a definition 
of stiffness based upon incremental values of force and deflection. 
The later case is most easily accomplished and is the approach taken 
in this work. 
Two approximations to lateral stiffness are employed and their 
definitions follow: 
1. Quiescent Stiffness - The lateral stiffness of the Shell 
wall at zero lateral test force. This value is extrapolated from 
data taken at low values of lateral force. 
2. Differential Stiffness - The lateral wall stiffness 
calculated incrementally at large values of lateral test forces and 
deflections. 
The quiescent stiffness is shown approximated by the slope of the 
solid line joining points 1 and 2 on Figure 8. The slope of the 
dashed line hetween points 8 and 9 is the equivalent approximation to 
the differential stiffness. 
Stiffness and Stability 
The hehavior of structural stiffness in a stability study must 
first by understood before a useful application of the concept can be 
attempted. It can be demonstrated through classical analysis that the 
lateral stiffness of a structure decreases to zero under the action of 
a destabilizing load. This, of course, is a Situation unique to 
Problems of structural stability and can be explained by considering 
the beam column. At values of axial load less than critical, any 
lateral force produces a corresponding unique deflection of the same 
order of magnitude. At the critical axial load (Euler load), however, 
an infinitesimal lateral force produces a deflection which is arbitrary. 
At this load, then, an infinitesimal force and a finite deflection give 
Figure 8 
Deflection (x 10 Inches) 
Typical Lateral Force - Deflection Data, 
rise to a lateral stiffness of zero. An analysis is presented in the 
following section which demonstrates the lateral stiffness - stability 
characteristics of simple structures. 
Simple Structural Models 
Insight can "be gained in the topic of structural stiffness if 
simple modeis are employed in an analysis of load and deflection. The 
results obtained are particular cases, "but point out the generality 
of the underlying idea. 
The Column 
The uniform straight pin ended column was considered by Bank (9) 
and he pointed out that if w, the lateral displacement at the center 
of the column is expressed as a function of the applied concentrated 
lateral load, Q, then the relationship "betveen load and deflection can 
he approximated by the expression 
w QL
3 r 1 1 
1 " p 
er 
If lateral stiffness is defined as the ratio of the lateral load to 
the resulting deflection, the result above can be expressed as 
K Q _ hQEI [ P 1 
L er 
Clearly, the approach of the axial load to its critical value 
results in a stiffness decrease toward zero. It raay also "be seen 
that the approximate relationship is linear. 
The Fiat Flate 
Turning now to the simply supported flat plate with uniform 
inplane compression in one direction (x) and loaded laterally by a 
concentrated point force at the center, the central deflection can 
be expressed as follows. 
w = T 
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For inplane comp ressive loading in the x direction, the n term is 
th 
fixed at unity, "but the m term is determined hy the ratio of the 
length of the sides. Considering for simplicity a rectangular plate, 
a < v/2 b_, the result is approximately 
4Qa2 
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Thus as for the column, an expression of l a t e r a l s t i f fness i s derived 
_ Q = T T V ^ Y H . a
2 N 2 ^ Nx 
IX* + h) (i - ^ ) w 2\„ 
a b x .. 
Clearly for the flat plate, as for the column, lateral stiffness is 
approximately a linearly decreasing function of compressive load. 
Cylindrical Shells 
The column and plate have heen shown to respond hyperholically 
under the influence of lateral force cum compression. Since similar 
behavior is well known to he evident without lateral disturhance (2,3), 
one can surmise that the results are complimentary. 
Flügge (ll) has demonstrated analytically, "but with some 
reservation, that the Southwell method applies to the cylindrical 
Shell under axial compression. The assumption can this be made that, 
like the column and plate, a hyperbolic deflection response is 
present due to lateral force coupled with conipressive loading. The 
analysis problem is not to be treated in this predominately experimental 
thesis, but the assuraption has been confirmed through experiment by 
Bank (9). 
CHAPTER IV 
EXPKRIMEMTAL STUDY OF LATERAL STIFFKESS 
Lateral Stiffness Measurement Apparatus 
Lateral stiffness of the specimen was studied by means of the 
apparatus depicted schematically in Figure 9» Th-e primary function 
of the assembly was to apply a continuously adjustable and measured 
point force normal to the Shell wall and to deterrnine the resulting 
deflection at the point of application. A small blunt probe was afixed 
to a traverse table and positioned so that when the table was advanced 
by a micrometer head, the probe pressed against the Shell wall. The 
load transmitted to the specimen was detected by a sensitive load 
transducer (employing an LVDT as the sense element) to which the probe 
was mounted0 Motion of the traverse table relative to the Shell axis 
was detected by an LVDT displacement transducer as shown. The Output 
from this transducer should represent the forcing point deflection 
and thus be used directly to compute stiffness. However, the load 
transducer had a compliance of the same order of magnitude as the Shell 
itself, and thus, there was a finite relative displacement across the 
load transducer that had to be accounted for in determining the forcing 
point deflection. The load transducer compliance was constant and so 
deflection across it could be linearly related to applied load. The 
Output of this transducer, then, represented both a load and a unique 
deflection of the transducer itself. 
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It is clearly evident that if d is the deflection across the 
load transducer and dp is the motion of the traverse table, then the 
deflection of the Shell wall is given as 
OL = d - d . 
An analog scaling and Computing circuit using a combination of 
operational amplifiers was used to electrically calculate the deflection, 
OL, and to normalize the load Output. The circuit is shown in Figure 10. 
Output voltages proportional to et and Q , the lateral point force, 
were fed to an KP "JOOkA X-Y recorder and then plotted in cartesian 
form. From these plots appropriate stiffnesses could be directly 
computed„ 
Stiffness Reduction 
Continuous plots of lateral force versus resultant lateral 
deflection were the desired Output of the measuring apparatus. 
Difficulty in obtaining these curves was encountered due to the extreme 
sensitivity of the equipment to slight disturbing influences present 
during normal Operation. This necessitated a compromise Solution be 
adopted. A given level of lateral force was applied to the Shell wall 
and sufficient settling time allowed for decay of extraneous disturb-
ances. The lateral force and displacement were then recorded as a 
discrete point. Figure 8 is a typical data plot resulting from this 
procedure. 
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Figure 10. Force - Displacement Signal Conditioning and 
Plotting Circuit. 
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resulting from ineremental lateral test forces, then any nonlinearity 
of the data would result in distinet combinations of lateral foree 
levels and corresponding lateral stiffnesses. This multiple force 
method is preferred in this analysis "because of the freedom allowed 
the experimentalist in choosing the deflection region to "be investi-
gated, whether it he linear or nonlinear. 
Investigation of Monocoque Shell 
The experimental program of stahility investigation of the 
speeimen was performed in two sequential parts. A zero axial load 
lateral stiffness survey of the complete speeimen was performed in an 
attempt to correlate initial geometry with initial stiffness. 
Possible critical areas, as determined from these studies, were then 
investigated with the Shell under axial compression. 
Initial Stiffness Investigation 
The speeimen, under zero axial compression, was initially prohed 
on a coarse grid spacing of 30 degrees circumferentially and 2.\ inches 
axially. The results, as expected, showed that the central portion of 
the Shell was consistently lower in lateral stiffness than those points 
approaching the ends. Thus this central area was investigated on a 
finer grid spacing of 7i" degrees, resulting in h*J points of initial 
stiffness data (the seam was not probed). 
The quieseent stiffnesses, as defined in Chapter III, are shown 
plotted in Figure 11. A three point interpolation scheme was applied 
to these points to more clear3y identify areas of relative minimum and 
maximum stiffness, as shown in Figure 12. 
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A second measure of lateral stiffness was also evaluated: the 
aforementioned differential stiffness. Although the lateral stiffness 
raagnitudes are necessarily diminished because of the nonlinearity, a 
great similarity is apparent in these results (Figure 13) and those 
of the interpolated data. It is suggested that the higher levels of 
lateral force are reacted by an increases surface area, an interaction 
which would tend to produce an averaging effect of neighboring regions, 
the result being an effectively smoother stiffness picture. 
Initial Geometry Correlation 
The initial geometry contours of Figure 6 show three areas with 
a relative low or flattened region. These segments can be identified 
in the following locations: 160 - 240 degrees, 255 - 315 degrees and 
320 - 350 degrees. All correspond to regions of relative minimum 
stiffness and are promising points at which to investigate stiffness 
decrease under axial load. 
The seam of the Shell would be expected to increase the stiffness, 
as is shown in the data, and the plots indicate that for this particular 
specimen the region affected is approximately 60 degrees to either side 
of the seam. Therefore, two of the relatively flat areas are likely to 
be influenced by their proximity to the seam. The remaining area, from 
160 to 2̂ -0 degrees, is most likely to show a relationship between the 
stiffness decrease under axial load and the relative minimum stiffness 
of the zero axial load data previously obtained. It is noted also that 
the wave length of the imperfection in this region is greatest, a 
factor found relevant in the prediction of regions of instability by 
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Instantaneous Stiffness Decrease Under Axial Load 
The point of minimum lateral stiffness is clearly seen to be 
the 220 degree position. It was this point, then, which was concen-
trated upon in the subsequent investigation. 
Bank (9) found that for a stiffened cylindrical Shell loaded by 
a discrete lateral point force, the lateral stiffness was a decreasing 
function of axial compressive load. Further, this decrease was linear 
and could be extrapolated to zero at the experimentally determined 
critical compressive load. In an attempt to investigate the unstiffened 
Shell in a similar fashion, the quiescent stiffness was determined for 
several values of lateral load. The results of this investigation are 
tabulated in Table 2D These stiffnesses are also plotted as a function 
of axial load in Figure lk. It is evident that if the critical com-
pressive load were determined by extrapolating the stiffnesses cal-
culated below 500 pounds axial load, the apparent buckling load would 
be above 2000 pounds. This is approximately 1̂ 0 per cent of the 
classically determined instabil!ty value. 
At higher compressive loads, from 730 to 750 pounds, a break is 
observed in the stiffness plot and the rate of decrease is observed to 
be much more rapid. An extrapolation of these points results in a 
buckling load of about 9̂-0 pounds, or approximately 70 Pe*" cent of the 
classical value. It is also significant that this result is achieved 
above 75 per cent of the experimentally determined critical load. 
Southwell Investigation of Force-Deflection Data 
To this point the lateral force-deflection data has been 
investigated solely upon the basis of Interpretation of lateral 
in 
Table 2. Quiescent Stiffness Decrease 
Under Axial Load 
Axial Instantaneous 
















1 1 1 1 
0 o 






k- o 1 
to 
ä u 1 
s w k- \ 
CD L „ 

















_ L _ _L _J 1 1 1 1 _J 1 > 
100 200 300 400 500 600 
Axial Load ( l b s . ) 
700 800 900 IOOO 
Figure l 4 . Ins tantaneous S t i f f ne s s Behavior Under Axia l Load. 
h-3 
stiffness. The characteristic nonlinearity has "been observed, but not 
explained. Observation of the data reveals that deflection increases 
not only disproportionately with lateral load, but also in a manner 
indicating a weakening of the structure with increased side force. 
This is a characteristic common also to the arch and curved panel 
approaching a snap-through instability due to lateral loading. The 
question to be answered now is whether this snap-through load can be 
identified, and if so, then what is its behavior under increased axial 
load. 
Figure 15 is representative of the data obtained at the 220 
degree position«, It can be seen that under increased axial load, the 
nonlinearity of the data is enhanced. In an attempt to identify the 
critical lateral force loads for the data, the Southwell process was 
applied to the Information. Although the technique was first applied 
to the column, it is based upon the principle that any rectangular 
hyperbola can be represented as a straight line under a proper change 
of coordinates. 
In this investigation, force and deflection need not be known 
in an absolute sense. The data is considered plotted relative to 
equally Incremented ordinate and abscissa and thus the horizontal 
asymptote determined in the Southwell analysis is expressed in these 
arbitrary units. The actual critical force is easily found by scaling 
these units against the known force calibration. 
The curves of Figure 15 for three axial force levels are shown 
plotted in Southwell form in Figure 16. The deviations of the lower 
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Figure 16. Southwell Plots of Load-Deflection Data, 
uncertainty and the nonhyperbolic nature of the low lateral force 
data points. Also to he anticipated is a region of high lateral force 
levels in which the deflections are again non-hyperbolic. The simplify-
ing assumption of negligihle midplane stretching is no longer valid 
for these lateral force ranges. The deformed surface cannot be 
considered a "developahle" one, and thus the associated deflections 
are significantly influenced hy the nonlinearities associated with 
this midplane strain. The result is the observed derivation from 
linearity in the Southwell procedure. A complete summary of axial 
load and critical side force is presented in Table 3« 
The question to be answered now is what significance can be 
given to these critical lateral loads in the investigation of com-
pressive stability. The answer is quite apparent in Figure 17, a 
plot of critical lateral load as a function of axial compression of the 
specimen. The extrapolation of the data to a buckling load of 9̂-0 
pounds (the same as was determined by the quiescent stiffness 
investigation) is undeniable. 
All of the above compression studies were performed with a 
Baldwin test machine of the constant end shortening screwjack type. 
As a test of the accuracy of the above results, the specimen was 
compressed until buckling occurred. The observed critical load was 
9̂ 2 pounds. 
k! 
Table 3» C r i t i c a l L a t e r a l Forces as Determined 
by Southwell Method 
Axia l Maxiraum C r i t i c a l 
Force ( i b s . ) L a t e r a l Load ( i b s . ) L a t e r a l Load ( i b s . ) 
50 O.69O 3.880 
100 O.69O 2.7^3 
200 O.69O 2.000 
300 O.69O 1.710 
1+00 O.69O 1.465 
^50 0.259 1.337 
500 0.259 1.218 
550 0.259 1.050 
600 0.259 0.932 
65O 0.259 0.750 
700 0.259 0.6^7 
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Two goals were reached in the research undertaken for this 
thesis; a coraparison of initial geometry with initial lateral stiffness 
was made, and an extension of Bank's (9) nondestructive test procedure 
for determining critical compressive loads of circular cylindrical 
Shells was developed. The coraparison of initial stiffness and geometry 
strongly indicated that initial stiffness is directly related to the 
degree of curvature present in localized areas of the specimen. Further., 
the point of lowest stiffness at zero axial load was found to be an 
area suitable for axial compression studies in the prediction of 
buckling loads. 
Two methods were found accurate in the prediction of critical 
load for the monocoque Shell, the first of which was the procedure 
introduced by Bank. However, a shortcoming was observed in this method. 
When the quiescent stiffness (approximated by low lateral test forces) 
was investigated under axial load, accurate prediction was obtained 
only at a compressive load ränge above 60 per cent of the buckling 
value. Other approximations to the stiffness (such as those determined 
at high values of lateral test force) might lower this prediction 
interval, and further study in this area is warranted. 
This stiffness criterion is fully equivalent in formulation to 
the well established Southwell plot procedure. As Fisher (13) pointed 
50 
out, the presence of lateral loading can be considered as an 
imperfection which does not alter the critical load but does augment 
the effective level of geometric imperfection. The utility of the 
present stiffness formulation rests "with this later point. A direct 
application of the Southwell plot to high quality structures (i.e., 
low imperfection level) usually proves difficult because the character-
istic asymptotic behavior of load and deflection does not become 
pronounced until loading is almost to its critical value. Further-
more, in many Shell structures the hyperbolic behavior can be observed 
only at selected (and generally unknown) points on the surface. These 
Problems can be partially offset by applying lateral forces so as to 
increase the imperfection and render the behavior more apparent at lower 
load levels. This is effectively accomplished in the application of 
the lateral stiffness criterion. Similar benefits should be obtained 
by direct application of the Southwell plot if a constant point 
lateral load is also acting. This later technique has not been actively 
pursued here because of practical difficulties in its implementation. 
A second method for investigation of critical load levels was 
introduced, and similarly, yielded accurate predictions for the 
critical loads. The technique is not related to the direct Southwell 
plot procedure although that method is used indirectly in determining 
critical load predictions. The differences in the two methods are 
masked by the similarities of the investigative technique used. Both 
employ lateral static loading as a test mechanism but_, of course, one 
must recall that lateral stiffness can be measured in several ways; 
including a dynamic approach as indicated earlier. 
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The procedure now introduced is to use an imperfection 
insensitive but destabilizing force in the study of a more violently 
destructive loading which is imperfection sensitive. The test 
loading eraployed for these tests on cylindrical Shells was a point 
force acting normal to the Shell wall. Load-deflection data from 
this loading was analyzed (via the Southwell plot) for different 
levels of applied axial compression. The result of this is an 
interaction relationship similar, for instance, to what might be 
obtained from a coupled compression - torsion loading. Strikingly 
different, however, is the order of the interaction curve obtained in 
the lateral test force study. The results have shown the curve to 
be approximately linear and therefore it is possible to extrapolate 
the data to an accurate prediction of critical load under pure axial 
compression. This particular Interpretation is, of course, valid only 
for the present combination of destabilizing loading, but other 
extrapolation schemes (nonlinear, perhaps) can be developed for other 
structural elements and combination loadings. For example, the present 
method clearly would not work for a simple column because the test 
force does not create a destabilizing load. 
This preliminary investigation has shown that accurate predic-
tion of critical axial load can be obtained at a small fraction of the 
buckling load. A decrease of approximately 50 per cent below the 
prediction ränge of the quiescent stiffness procedure was observed. 
A drawback is realized, however, when one considers the labor necessary 
to calculate even a Single data value by this more involved technique. 
A compromise is indicated in the use of both procedures for this type 
of stability investigation. 
Although a test upon a Single specimen is seldom considered 
conclusive, the accuracy of "both experimental methods cannot he over-
looked. In both cases, the error was found to he less than 1 per 
cent of the predicted value. It was clearly demonstrated that the 
stability investigation should be conducted at the point of lowest 
initial stiffness. Experimental work is continuing in these areas, 
and even more encouraging results are expected. 
APPENDIX 
DATA AQUISITION AND FLOW DIAGEAM 
The circularity measure of the cylindrical specimens vas computed 
from the radial displacement data acquired using the folloving BASIC 
language program. Data and control logic vas as shovn in figure 18. 
1 D IM VC 1 ] , A [ 18 5 ] 
2 GOSUB 7 0 0 
3 L E T N = 1 
4 GOSUB 40 u 
5 L £ T 1 = 5 
6 PKINT 
7 GOSUB 30 0 
10 CALL C S , 1 5 , » $ ) 
11 I F S<0 THEi\' 9 9 9 
12 CALL (£«fcJ»S4 
13 I F S>0 THEN 10 
1 5 LET 1 = 1 + 1 
2 0 GOSUB 6 0 0 
30 CALL ( 1 , X , 9 6 ) 
35 LET A L I 3 = X / C + Ü 
40 I F I = 1b 5 TriEN 2 0 0 
4 5 GOSUB 6 2 5 
50 GOSUB 6 0 0 
60 GOSUB 6 2 5 
70 GOTO 15 
2 0 0 RR1NT " D A T A T A K E N " 
2 0 2 CALL < 2 > 1 3 > S ) 
20 5 I F S<0 THEN 2 6 0 
2 1 0 CALL C 2 * M * S > 
215 IF S>0 THEN 20 2 
220 CALL (11JAL13»1» 105) 
22 5 IF T#0 ThEN 2 50 
227 HR1NT "DATA WKlTTEN" 
22« LET N = N+1 
2 30 CALL ( 2 , 0 * S > 
2 3 5 I F S<0 THEN 2 3 0 
2 4 0 GOTO 5 
2 5 0 K R I M " W H I T E : S = " ; T 
54 
2 55 GOTO 5 
2 6 0 i ^K INT "NO DATA K E R T " 
2 6 5 GOTO 5 
3 0 0 R R I N T " B A Y , P O S . " 5 
30 5 1NRUT H l , H 2 
3 1 0 R R I N T " R E C O R D " ; R 0 + N - 1 
3 2 0 L E I A C 1 ] = R 0 + N - 1 
321 LET AC2J=H1 
3 2 2 L E T AC 3 J = H 2 
32 3 LET A C 4 3 = 1 
3 2 4 L E T AC 5 ] = 0 
3 3 0 RETURN 
4 0 0 R R I N T " S T A R T I N G R E C . " J 
4 0 5 I N R U T R0 
4 1 0 CALL ( 1 0 , 0 , T ) 
4 1 5 FOR J = l TO R 0 - 1 
42w CALL ( 1 0 , 1 , T ) 
4 2 5 1F T#0 THEN 4 3 5 
4 2 7 NEXT J 
4 30 RETURN 
4 3 5 R R I N T " 1 0 : S = " ; T 
4 4 0 END 
5 0 0 R R I N T " A B O R T ! " 
5 0 5 CALL ( 2 , 0 , S ) 
5 1 0 I F S<0 THEN 50 5 
5 1 5 GOTO 5 
6 0 0 CALL ( 7,VC 1 3 * 0 * 1 # 2 0 ) 
6 0 2 CALL ( 2 , 1 , S ) 
6 0 4 I F S<0 THEN 5 0 0 
6 0 6 I F V C 1 3 > - 2 5 0 THEN 6 0 0 
6 0 8 RETURN 
6 2 5 CALL ( 7 , V C 1 ] , 0 , 1 , 2 0 ) 
6 2 7 CALL C 2 , 1 , S ) 
629 I F S<0 THEN 5 0 0 
6 3 0 I F V C l ] < - 2 5 0 THEN 6 2 5 
6 3 1 RETURN 
700 RRINT " REFERENCE RADIUS AND LVDT CALIB. ARE"; 
7 10 INRUT D,C 
720 RETURN 
99 9 END 
55 
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